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i. Introducrtion

This paper studies r methods of
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ne analysics that were oresated by 4.F.
Burns and W.C. Mitohell at the Mational Burean of Economic

w2

fomid

Regearch and  versions of the one-unohservable  indeox modde

Ui

=1

[T

ent and Sims. In proposing the unobservables index meel
Sargent and Sims were partly motivated by an intention to formal-
ize  the intuition underlvying NBES methods. The present papsr

investigates how faithfully the unobservable index model reflecte

the MBER wvigion. We proceed by showing that when a2 one-
uncbservable index model is trus, MBER methpds can be interpreted

as  providing rough but sensible sstimates of some of the index
maxdel ‘s key parameters. We show how to read the siatistics pro—
auced  in applications of unobssrvable indesx models, and how  tno
matoh them with related statistics produced by NBER methods. Im
doing this, ocw aim is to form a2 bridge between the broad body of
empirical results achieved by the MBER, and the results attain-
able using index models.

Underlving the NBER metﬁﬁds was the vision that the naturs:
unit  for analysis was the business cycle, a recurring event of
varying length and amplitude that is reflscted in cbheervations on

many economic time series. It happens that realiraticns of a

one  inger model assume the form of irregoular but recuwrrent Fluce
tuations that are imperfectly reflected, with differing ampli-
tudes and phases, in a collection of time cories. Time seriss on

individual seriss are noise—corrupted observations on  filtered
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versions ocf & single common signal or  index. Fach wvariable

possesses its own filter which is applisd to the common  index,

-

and which permits differences across variables inm their ampli-

=)
rt

tude, ohase, and cohsrence wit e common index. This Common
Hidden index forms an intermediary through which ocow all of the
interdependencies among variables that characterize the business

cwole. The precesnce of the variable-specific noises permiis

variability in  the phasms across different cvyelical episodes.

Punt

1l

The ane-dimensional natwre of interdependencies and the irregular

but  recuwrrent nature of the fluctuatieons produced by a2 one-index
model sesm to ws to be consistent with the vision that motivated

Mitchell to organize obsesrvatiens around the concept of a refer-—

Burns and Mitchell defined a business cyole as follows:
"..va cycle consists of expansions occurring at about  the
same time in many sconomic activities, followsd by similarly
genesral recessions, contractions, and revivals which merge
inta the expancsion phase of the next cycle; this sequence of
changes is recurrent, but not periodicy in duration business
gycles vary from more than one year to ten or twelve yearss
they are not divisible into shorter cvoles of similar char—
cter with amplitudes approximating their own. ™

SBoures: ALF. Burns and W.C. Mitehell, Measuring Businscss
Lycles, Natiopnal Bureau, 1946, p.2.3 Also quoted in W.C.
Mitchell, What Happens During Business Cvoles: 6 Progress
Feport, Mational Burean, 1351.}

Al

Mitchell describes the idea of observing many noise—corrupted

indicators of & common underlving factor:
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"We dared not economize by relving solely upon index numbers

and broad ajgrejates to represent the movemsnts of  pricss,

production, =2mployment, and the 11 3 for these broad sum—

maries conceal highly significant differsnces in the cycli-
¥

cal behavior of their components. To repressnt  i1wmportant
types oFf acrltivity, such as producing durasble goods or  dig-
bursing wages, we sought groups of ssries; by doing =0 we
gained a better chance of reasching valld conclusions than 1F
we depended on a single witness. "

(Mitchell, W.0., What Heppens During Business Cvcles, poB)

Thi=z view of economic timg ssries ag unrelizbls o noisy
witnesses to a common underlying phenomsnon readily sugosstse  a
factor or hidden index model. Foogpmans asserted that Burns  and

Mitchell’'s statisticzl procedures effectively assumed such 2

"The neotion of a reference cyole itself implies the assump~
tion of an essentially one~dimensiconal basic pattern of
cyclical fluctnation, a background pattern around which the
movenents of individual variables ars arranged in a2 manner
dependent on their specific nature as well as on  accidental
circumstances. {There 1is a similarity here with Spearman’s
psychological hyvpothesis of a single mental fzoctor common o
all =sbilities.2”

These passages informally support the notion that an  unob-—
sgrvable index modsl can be construed to underlis NEER methods.
The calculations contained in this paper aim to make this notion
more formal and concrete, and to provide experience in comparing
resulits produced by the two sets of methods onder stody.

The remainder of this paper is organized as follows. In
section 2 we describe the parameters of the wunobservable index
model that we regard as matching up most readily with those pro-
duced by NBER methods. In section 3 we describe our understand-
ing of NBER methods and a computer program that we have written

to automate those methods. There are a couple of points at which

the MBER methods reguire the exercise of Jjudgement. We identify



these points, and reveal ow method o sechanizing thesss

judgements. Section 4 presents a simulation study in which our
veraion  of MEER mesthode i applied bto artiticisl datas generated
by an unobssrvable index modsl. Farticular statistics produced

v the MNBER methods are comparsd with parbticular

index modesl. We resort to a simlation study

i

the uncbhservabl

i
¥

because the NBER methbds produce a set of statistics that depend
oy the  bDehavior of sample paths in.a way that would be compli-
cated to snhalveze. Sgction O reports the results from  applving

both AMNEER methods and the unobservable index model to a coaliesc—

i of postwars U.3S. time serios, Seotion &4 conclude=s the
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2.8 The Unobssrvable Index Model
: i
A one-unobservable index model is .
(2.1 yit = Ai (L)'Ft*‘eit. i=1_,....,!‘}

bt
o

(2.1} Ay (L} 15 & sguare summable, two-sided polynomial in the
lag operator L. The unobservable random process Fo,51psr 2804

satisfies Efy =0, Egyy=Eeny =...=5Eec =0, and

_ 1 G}
¢ Efyfrog = { ) 5 5E
2.2
gi(s) when J=i
E€itfitmg ™ | O when 3#i

EfiEjp_g = 0 for all t,s,i,

where2 7 (8) 1s & nonnegative detinite seguence. Conditions (2.2}
i

state that fy is a serially uncorrelated process u%nunit warlance
which 1is uncorrelated with each g5, . for all s, and that the n
€5+ processes are muatually uncorrelatesd, although each is

permitied to be arbilirarily serially correlated. The variables
Yits 1¥l,...,n are obserwvable. The force of (2.1} is that ail of
the cross correlations of Yygs---,Ynpts including those at  all

leads and lags, are mediated through a common dependence on a

single hidden index f.

By stacking the variables to form Ye = iy1t7yﬁt”"’yﬁt)T

and £, = (Elt,szt,...,snt)T, we can write the model as
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) .- m e s

with 43,5 ,-—p & seguence of n by 1 vectors satistying

tr 3 A U Th tricti g (2.2 imply that

r Z T RAT -~ - 12 restyloTions L e i 1TERALY TOAT
T " T
EypYice = 5 Aghyges * T(S}, 5=0,+1,+2,...,
S ue—@

where oT(s) is the n by n diagonal matrix with o.(s) *the i-th
-t

dizgonal elsment. When n exceesds 2, hypeothesis (2.2) smbodies a

restriction on the matriz covariogram of the vector proosss y.
Our hypothesizs is that when a one—indser model is trus, Mit—
chell’'s methods can be interpreted as producing esstimats=s that

characterize imporiant aspects of A; (L) and oy (s), in particular

= s
the amplitude and phase of the Fourier transform of Ay (L), and
the coherence of y;; with Ai(L){t' To helg motivate this hyoo-

thesis, imagilne that the first m < n variables vy;; sum tTo an
m

aggregate Yi, like GNP or industrial production: Yy ﬂz Yig This=s

. i=]

definition and (2.1) imply that

i}

= Fiv
1

Evt

R QWL

i

It follows from the definition of £y and from (2.2) that gy, is
orthogonal to i for all t and 5, so that Yy Ffits the index
model . We regard realizations of the random process AY(L}%t a5

possessing many  of the properties that Mitochell attributed to



that uwunobservable whoss irrecular and recurrent  Fluctustions

Hil

definegd Lhe "reference cyols".

The Fourier transform of AL} is simply At Py o

3 - "3
- @« I-
. . —iw, T P 1 5
\2-4) J‘\J' (E :' — L i"-.jkE".‘
f=--
e L ; —iw . -

Represent both A le yoang Ay le Y im the polae form

Ajiawlw> = rj(w}algj(W)
(2.5 . B ()

. —— . [N

Ay ie Wy = rY{w)el v

The responsss of Yit and Yy to an input fi of the form fo=cos wt

are given by {zes Sargent [127%, . 24530

o Yip W) = rjw) cos (wh+@ (W)
(e & -
Yo lw) = ry(uw) cos (wh+S,iwl).
th

The awmplitude and phase shift of the 3

at freguancy wy, are thus measured by

r“j’:h‘h) R
: = "amplitude relative to the aggregste"
l"\{ (Wh)
(2.7
Sj(wh) — Gy flwy,) = "phase relative to the agaregates”.

We interpret Mitchell s methods as estimeting rj(wh}/rv(wh) and
Qj(wh) - Gy lwy}, or averages of them over a band of freguencies
composing the business :ycle,z

Given estimates of Aj(wh), Ay (W, we can generate several
graphs that contain the gsame information about relative ampli-

tudes and phases that Mitehell ‘s nine-point graphs of reterence

Cyrle averages were intended to convey. ke can simply plot real—
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realizations  of ¥ (wgd and Vt(wh) summed over a rangs  of W s
chosen to represent the business cvcle:
- T ( .
Yit T 2y Wy b Cos (whm+@j(wh))
(2.8 hel
V. o= 5 { ‘ )
‘. [ tylwy) cos (g ht By Gy, ) )
hel
- where W = 2vh/T, and B is a range of h’s chosen to correspond to

the business cycle.

The unobssrvable iﬁdex model can be used to produce bae
cther sorts of graphs that summarize the covariation of individ-
uval series with the hidden indsex. The first graph is of the pro-—-
jection of the unobservable hj(L)ft on observables yy_ _, 5=ty
p=may~1,0,1,00.,72 where vy, 15 the nxl vector (yit*”"’ynt)'

This projection can be reprassented as

ELA (L) Fp Iy grS==rqyans rol
r
= 2 Byeyeop = Byl
k=-r1

-

Litterman and Sargent [19843 describe how to compute this pro-
jection given estimates of Aj(L) and Ujis).

The second graph is of the projection of the cyclical com—
ponents of Aj(L)ft on observables, where the cyclical components
correspond to a range of freguencies thought to correspond to the
business cvcle. This can be accomplished by modifving some of

—

the computations described by Litterman and Sargent.-”
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2. Some Drogs-Spectral Statistics

drdinary cross—spectral anzlysis can be ussd to gensrate an
alternative set of statistics that asre usefully compared to  ths
statistics computed by Burns and Mitchell. Given a list of

T‘ﬂ

seriss yjt,jmi,..-,n with an aggregsate Yy = 2 Yits We propose to
calculate the cross-spectrea of each of Yt S 3=l e e with Yiou
To interpret  theses cross-spectra, consider the projection
aquétianﬁ

€1 (1)}

0
(2.9) Y it =k§ held? ey tes EED SRR
=— )

T3
where Eséj' Yﬁ—k = 2 for all k& and all 3i. The proiection (2.2

iz well detined for any pair of jointly coveariance stationary
BrOoCESEES {yjt,Vt}. Let E (-1} denote the linesr il=ast sguares

projection of (-} on an information set (. Mow since

™
Yi = 2 Y it and since by the linearity of the projection cperator
J=1
", B LN
N !_‘tm . . : - :
E&_Al Yyt Hy = 4 Eyjt!ut for any information set Op, 1t follows
1= 1=

from (2.%) that

m m m
= : {3y a ~E3)
Yy —_E Evip + ) £ 'E R aovy o+ 3 ef?) = ve
j=1 J=1 Je=1 Jj=1
T i » (i) ™ (1)

Thus we have E R gy = I, and E atJ = . Sirnce E EEJ' = 0 by
j=1 i=1 i=1
construction, it follow=s that the Eéj) processes ars in general
correlated across (). Therefore, the list of projections (2.7}

of Yit on Ye for i=l,...,n are not in general sufficient to char-

or ]

1

acterize the cross—correlations between all psairs of yjt'e

chogsern amon 4 N (D I However, it can happen that most of the
» ¥ ' PE
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CrOSc—Covariances among the Y it is accounted for by the

[4 H \l - - - 3
R L) ‘s, For sxzampls if the coherences in projsction {(Z.9)
N ]
for most i=1l,...,7 are high, or it the dependenciss &Cross  any

pair of ajt’g are weak, then most of the covariance betwssn [

o
=t
i
B

of yjt’E can be infesrred from the covariation of sach with  Yg,

(3

whiich is summarized by the h (L) 's.
‘ £33
The hH'7’ of (2.9 are related to the cross—spectrum EyjY(wﬁ
between Y4 and Y by
5.5y (W}
- "_]{

(Sl h(j)iw) = 4

: Sy (w)

- m . -
{37 oy (3} =iwk
where Sy is the spectrum of Y and h wy = , by e - We cCan
ke=—m

3
express h(J'(w) in the polar form

i ~ . \
(et R4 = r‘_}-(w)al@j(w'

N
We can also record the coherence between Yit and Yy, oobg{wr.
wF

s bW}y Gj(w), and cahjﬁw) witi

It is intoresting to compare ry

the functions rj(w)/ryiw}, Gj{w)—ev(w} and cobh.(w), respectively,
which we calculate for the unobservable dindex madel. i+ it
happens that the one-indes in the uncbservable model iz close to
being a convolution of Y, in the mean sguared srror sense, then
pach member of each of these three pairs of functions will closely
resemble the other member of the pair.

Based on the cross—spectral analysis, it is possible to pre—
pare graphs analogous to those described in egquations {(2.4) and

2.8y For the unobservables index model. For example, for the

aggregate, at fregquency w we would plot.

¢ by — 1/2
121 Yt(wk = (SY(W)) cos {wt) .
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Foir Y it at freguency w we wodld graph
. ~ : o B et
(2.11% ytj(w) = rjtw)(SY(w}) cmg(wt+5j(w;).
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QUENEDES. We could a
210 and (2.131) for weB, wheres B iz a band of frsguenciss com—
prising the businsss ovole. Such graphs would be comparable o
those described in (Z.6) and (2.8).
ThE-pFE¢EéﬂiﬁQ kind of :rDSSMSpe:trél analysis captures some

et not all of the intuition motivating Burns and Mitchell’s

statistical procedurs=s, It accomodates the idea theat the "buy=i-
pness cycla,” which ocours with a time unit of  varying length,
determines thes appropriate time unit for anzlvzing correlations
aried timing pattsrns among variables. It zl=n captuwres the idez
that the businsss cyoles can be asdeguately characterized by a ss=t

[l
~y
3

n graphs summarizing sach of n seriess’ pattern of variation
aver an average business cycle. Howewver, the orecesding uss of
cross—spectral analysis fails to capture Mitchell’'s ideas theaht by
ohserving many noisy "witnesses” to the businsss Eyﬁle, ane can
gather a superior image of the reference cycle.

It is also of interest to compare Mitchell s procedures with
the results of simply applying to the data on Vit & low pass
filter designed to isolate the business cycle frequencies, those
betwesan 12 vears and one year, s=sccording to Mitchell., We desires
to form

(2.12) yieta,d) = 2%y,



s
R

T
= {
il
n
o
|
¢
o
|
th
it
3
[H]

for integer k.

The interval [a,dl is ¢hosen to support the business coycle

frequencies. For sxample, with guarterly dsta, using the formula
period of cycle = 2w/ w, we would set a=2v/48 = n/24, d=Zn/d=un/2

to isolate the band of freqauencies between one and twelve vears
in length. The bandpass filter (2,13 is chosen to have Fourisr

transtorm

bad (o7iwy - | i wel~d,~a1la,d]

o wel—d,~altUla,d3.

ot
o
i

Since the spectrum of yjt(a,d) equals the spectrum of vy, times

[}

689 (271w 12 pntlication of the filter anmihilates all variation
cutside of the Susiﬁegs oyele frequenciee.4

Unlike the statistics that we described earlier, bandpass
filtering does not assume an index model structgrs. The band—

pass filtering methods isslate the cyclical components of the sum

hjiLéft+sjt, and make ne attempt to purge the data of the cyeoli-
cal  componsnts of the serizs-specific noises €54 Thus, no
-

particular vision of the structuwre of covariances between

different series is imposed by this method.



F.  Automating the MBER Methods

This s=section describes ow wunderstanding of Mitchell'’s
method, and owr compuiter program that avtomatically implements a
version of that method. In this description, we assums the data
are monthly.

Mitchell”

Hl

)

method consiste of the following steps, given a

collection of time series x_t, t=1;...,7T; L RN &
3 .

First, mach series 2yt iz smaszsonally adjusted, but not detrended.

‘Second, twrning points (peaks and troughs?) in each series ¥y are

detected and recorded over the period t=1,...,7. These turning

points  are selected to correspond to recurrent +luctuations  of

length from one to ten or twelve vears. They are called specific

cycle turning points. Third, +From the record of peaks and
troughs in all n series, a list of turning points ipeaks and
troughs) in a “reference cycls" is determined. The concept of a

reference cycle turning point ie a "cluster of specitic cycle
turning dates. " Judgesment is used to weight the evidence from
turn;ng paints in the individoal series. The putcome of this
step iz & list of dates corresponding to reference cvole peaks
(ﬁi"“’pk) and dates (Ty,...,T5? corresponding o reterence
cycle troughs. Aqurth, the NBER nine-point graph is preparesd +ar

th

gach ssries. The j reference cycle is defined as the period of

time from T to Tiay- Fach reterence cyocle is divided into nine
stages as follows (Mitchell, p. 14):

I — the three months centered at the initial reference cycle
trough

Y - the three months centered at the reference cycle peak



1% — the three months centersd at the terminsl trough

11, rIf, IV — Fforwed by dividinog the periocd between [ and V
into thirds

vi, ¥II, “III -~ formed by dividing the peri

iod between V snio
IX intoc thirde.
These divisions assign esach date t into one of the ning
stages of & particulazar reference oviole. Te complete Mitchell’'s

nrocedures, parform the five steps that follow

5

Calrulate the average value of =ssries i within a refer—
ence cycle. That is, calculate

1 i*‘l
it

1+T3+1’”‘TJ t=T

i
et

|
It

3
for the ith serles. Mitechell calls this the Toycole
base".
() Lzalculate the ith series as a percentage of its average

valuse for that reference cvycle,

ylt = Hitif}“:i.
Mitchell ecalls vy the "cvole relatives” of  the iLh
series for the particular reterence cyle from o, o

k]
-

fj+1a

(c) Compute an average of the cycle relatives y;. over esach

. (i (32
of the stages I-IX. Call theses vy, S . for
R th i o I i . IX
i7" series and the j reference cycle (i.e., the refq
erence cycle from v, to Ti,.47. The length of the

reference cycle in calendar time can be recorded as
TEJ)ﬂrj+1—tj+1.

(d) Across all reference cycles in the sample (or sometines
a subset of reference cycles), average the measures for
sach of the nine stages. That is, compute

_ I

Yi,1 = 2 Yi,1 7Y

. J?i

hd %. €4

Yi, IX 2 Yi,ix /d
J=1 ,
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trouwghs. For example, Ffor guarterly dats, we might define the

tndicationr sequences

Zt = }:‘{:{jt"}:jt“’"l ‘:{jt“’":ﬁ’xjt_—_ﬁ’

iF %o 4o TR P AR
g I if A £ jt—1 ,_'}t'“::_'_‘ o it-=
= ,
2 otherwise
(Z. 12

e [ v o PR -

Wi Tc";t!‘;t-iv"gt*;'\3t~b
; 1 i+f th p Kjt**l & :’,jtmz T Kjt”‘:{:

o ptherwise

We would say that a peak occcurred in 2 at date t i+ and only

v
s

Zypen=1. He would say that a trough ocouwrred in Rie at date £t i+
and only 1§ wp,~=1. Modifications of the indicator functions P
a2nd T can be made for monthly data.

A second jJjudgement is required for éming from the list of
datese $or peaks and troughs in individual series to dates for
peaks and troughs in reference cvcles., Here we have sxpsrimented
with two methods. The simpler invelves merely accepting as dates
for peaks and troughs the dates of peaks and troughs for one of
the series that is b@st:thought to measuwres agaregate activibty., A
well measured GMF series would be a natural candidate for this
sEries. Mitchell explained that he did not use this method
hacause he wanted to study periods and countries for which no
reliable single measure of aggregate activity existed.

An alternative method involves forwmalizing Mitchell ‘s notion
af a "cluster of specific cycle turning dates®™. We have experi-
mented with the following definition. A date t i1s sald to be
within a "clustering =zone” ot peaks and troughs if more than /2

of our series have ps=aks at one of the dates (t-g,...,t—1,t,



t+l,e et +ray. Then a refersnce cycle peak is defined as the modal

date of peaks of these serigs having peaks within this cluster—
ing zone. 4 reference cycle trough is defined symmetrically.

To cowpare the resulis of Mitchell ‘s method with those pro—
duced by the unobservable index model , we have formed two sets of
statistics that are designed to Bummarizg the patterns detectec
by.tha nine-point NBER graphs.

lL.et _

Ty lT(RY)Y = Yi R sy R=I.II,...,IX
angd where t{R) maps Roman numerals I,...,IX into their Arabic
counterparts 1,...,%. Thus z; {z), 2 00,5 18 a record of the
reference cycle averages for the nine points of the reference

th

cycle for the i variable. We form the regression
(3.2 z; i) = ajcos wilr=1)+bysin wiz—1)+n () [ SR
where plT} ics a least squares residual orthogonal to  both

- - .

cos wi{r—1) and sin w(t—1} for z=l,...,9, and where w=2n/8. This

regression can be represented as

¢35 38Ty = ry cos{mic—1)+8;)+n(D)
~ 2 2 1/2 ~ -1 ~ ~
where r = (a +b )} and & = tan (-b sfa ). Let r and & be
i - | i i i Y Y

the aralogous guantities computed for an agoregate seriesg like

L o e ¥

GhFE. Our intention 1is to compare r;/ry and (8;~8y) with the
measures of relative amplitude and phase that are associated with
the index model.

For our second set  of Etatistics, we simply use  the

observations on averages over individual reference cvcles,
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We now run the regression

zﬂj)(t* = a. (3}(r)

i } jC0s wir—1y+hysin wir—1)+n

=1 40P 351 ,. .. d

where n<J)(r) is a least sguares residual that is orthoegoenal  to
both rcos wit—1} and sin wlr—1i). This regres=sicn can be rap-—

rezented as

(3.4) {3 2y = Fieoswiz-1+8)+5 0 (o

- ey
- 2

. 2 2172
whers ri=(ai+bi} /

and giﬂtanhlt—gi!gi?. The R in this

regression gives an indication of the variance of the phase and
=2 . .
amplitude. We eoxpeoect the RS for variable 1 to be comparable to

th variable and the indax.

the coherence betwesn the i
The regressions (3.2 and (3.4) would be compubted when

detrended data were ussd. When trends are not removed from the

data, we wouwld add a linear trend to regressions (3.2) and (3.4).
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i)

4. Comparisons with Artificial Data

Iin this section we describe an experiment that is  designsd
to study how the results of NBER methods match up wiih thoss o
the one-index model under ideal conditions when we know a  one

urchservabhl s index model to be true. We ume a random nurber gen—
erator to produecs 2 collection of artificial dats that are drawn
from a ons—index model. We apply nur antomated wversicn of  NMBEER

methods to these data, and compare the ordering of amplitudes and

3
.

o

{li

relative phases across variables that are detected by the

e

JE

m

K nine—-point reference ocyvele graphs with the population values

+or  the index model pf ijw}/FY{W) and aj(w}wﬁv(wé o angular
freguencises w in the range of business cvele freguesnclies descorib—
2 by Mitchell f{(one to twelve years).
The wmodel is
. ES - )] - P=
Y_It ?“JV(Lf’Ft“*'EJt . Lok A
where +, is a unit variance white noise that is omrthogonal fo
=]
- i = Y, = : ‘ ] i o
£ it—e for all 3 and s. We set yyp¢ 3 -2 Vg The series
=1
specitic nolises €44 @re governed by
A
E. ey ?’}u
it r:r}}t_———— it
. . . . . e . .
whera nit 1s 2 white noise process with variance Uj“ and Ay 1S

the multiplier appearing in the numerator of AJ(LE. We set AJ(L)
as shown in Table 4.1. The amplitudes of the index components of

variables 2 and 0 are approximately twice those of wvariabless 1

and 4, while the amplitudes of the index components of variables



-

A oand & ars approximately three timss

those of variakliss 1 and 4.
The R of wvariable j with the commeon index s approwimabely
~
- 1—A oy
T g + I oy
F‘_} (1 - 'J} .
1'—,{3
We set JE sg that the R? are those reported in Table 4.1, e set
= T2, and A=.98 The coherence of variabhle j with the cnz indsy
is
e .
: I+A"—2Ahc0s W
2. -1.
cahj(w) = {1+ ﬂj)
I+ —2pc0s w
Far A » g #» €, *the coherence declines with increases in  angular

frequency w for w > O,
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Table 4.1

Farametrization chosen ftor expsriment

e

50

17 (1~.98L)

2(.995) /(1. 98L)
3(.995L2)}<1—.@auﬁ
1/(1-.98L)

2 995 L

Y/ (1. 98L)
T 9951 ) / (1—. 98L)
LS(995L") / (1-.98L)

LS. 99SLT) /(1. 98L)

SOL/ (1980

h

L
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: Table 4.2a
Fopulation values of Statistics of Interest

25-period cycle Coherence rj!ry , Ej—EY
in percent in periods

VELL a7l F.0 0.0
VR12 .44 8.0 -1.0
VRIE .21 26.%9 —Z.0
YRi4 10 2.0, O.0
VRIS . nTD 18.0 1.0
YR1& <21 26.9 2.0
YRLT7 21 4.5 —-Z%.0
YR1B -70 4.5 o0
Y19 01 .1 0.0
VRZO =Ts]

Note: Variables 4,3,4 are mirror images of 1,2,7 in that
the value of r (w/rylw) for 4 (5,6) matches 1 (2,3), and that
for Qj(m)uﬁyfwg changes sign but remaing the same in magnitude.
Variable 8 is siwmilarly a mirror image of 7.



Table 4.2k
Fopulation values of Statistics of Interest
12 pericd cyvcole Coherence vy Gk
in percant in 5er'
YR11 - &% 11.5 Q.0
VREIZ -42 22.9 —1.0
VR1Z .20 4.7 ~2.0
VR14 - 10 11.5 0.0
VR1S . 69 22. +1.0
Pl
VR16 20 4.7 +2.0
VRLT ' . 20 a. 7 -E.0
YR18 . 6% 5.7 +3.0
VR1% 1 .1 Q.0

VRZ0 . 4é

Coemr



Table 4.2c
Fopulation values of Statistics of Interest

8.1 pericd cycle Coherence rj!ry

_ 56y
in percent

in periods

VR11 .69 20.2 0.0
VR1Z - 42 40,3 =-1.0
VRIZ . 20 &0, 4 —2.0
Vﬁiq‘ .10. 20.2 0.0

VMELES

40.3

VR4 .20 0.4 +2,0
VRI7 .20 10.1 ~3.0
YR18 .59 10.1 +3.0
YR19 L 13 0.2 3.0
VRZ0 .03
&
T
N
TR
L e
o™



Fopulation

=

SG.0 period cycle

VRI?

[ =Tt
VRZO

Table 4.2d

values oFf Statistics of Intsrsst
Coherence rj/rv Qj
in percent in

.69
L4z

.19

. 68
.01

-0

£
g



2O-guarter Cyole

Vi1l
VHR1Z2
VR1E
Y14
VRIE
VR1S
VR17
Y18

VR1L

Table 4,2a

irndex Model Results

Coherence

-78
-48

13

Fhacse

(guarters)



Table 4.7k
Indexr Model Results
1Z2—guarter Cvcle Cohsrgnce Fhase Szin
(guarters) {5 of GNP}
VR11 S LT7s .08 10,8
VR1Z ' .47 - .57 0.7
VRS - 17 —-1.9¢ 24.9
VR14 .24 - .43 14,3
VR1GD » 77 1.00 Z2.1
VR1& .19 1.44 2.8
VR17 . 28 —-2.65% 3.5
Yrig - 60 FL 10 4,7

VRE1? - 08 - .79 .2



2a

Tabhle 4.30c

Indﬁx Mod=zl Resulits

S—qguartesr Cvzle Coherence Fhass Gain
{guarters) (4L of GMNF)

VE11 . & - .43 15.5
VRIZ : = S S Taevd 8.9
YR1TS . .25 ~1.76& 47.1

- VR14 . . 09 - .08 14.4
VRIS - Oy w by 2.8
YR1A .30 1.72 : HE.2
VR17 w17 —Z.57 7.4
VR13 .54 2.56 7.8

VRIS 8 o] - . bb Q.3



Table 4.34

Index tModel Results

Coherence

.56

.40

- 20

Gain
(% DFf GNP

D04



Our specification is intended to make variables 1, 4, and ©
roughly in phasse with the aggregats Yo, while variables 2,3, and
7 lag the agoregats by approvimately one, two, and three periods,
respectively, and variasbles 5, 6, and 8 lead the agaregats by
zhout one, two, and three periods, respectively. This interpre-
tation stems from the obsarvation that Y, is composed as the sum
mf two contemporansous, two leading, and two lagging series.  The
population parameter values are summarized in Tabhles 4.1, Thees
population values of coherence with the unobservable indssx,
rjiwh)/ry(wh) and Qj(wh)may(wh) for frequéncies corresponding o
4—, FZ-, 2~ and l-year cycles are recorded in Table 4.2, These
parameters are alsc graphed for freguencies betweesn O and 7 in
Figure 4.8.

A single realization of 1500 terms was generated, and the-
first 900 terms discarded. The remaining 10460 points wer2
aligned with a guarterly calendar beginning with 1850:1. Orly
part of the series used in the estimation are digplayved in the
graﬁﬁs below. )

Table 4.3 presents statistics from estimating the unoh&eer'
able .index model representation for the generated data. These
numbers are to be cmmaéred to the population values recorded En
Table 4.2. We see that the statistics we have chosen are fairly
precisely estimated. The estimated coheresnces and gains  are
rlose to the population values, although at the higher freguenc-
iee, there is a tendency for the gain parameter to be underest-
imatad. The estimated phase shifts are less accurate, however

the signs and relative magnitudes do provide a reasonable picture



Figures 4.1a—-4.137, respectively, plot the raw data anag b

L

L]

m

pass filtered datas for variables Yt 3=l e y? and Yig Yt is bl

HH

tenth variable reported. The top panel in each

~h

igure records
the band pass filtered datas, where the ideal band pass Filter is
chosen to include the range of freguencies La,bl = [2w/22,20/81.
The bottom panesl records the raw data.

Figures G.Ea—ﬂ;ﬁj, respectively, plot the nine—point NBER

reference cycie graphs +or 13 of the 71 refersnce oyc

[

25
identifisd 1in owr data. _These pealks and troughs were dated by
aprlying the two consecotive downturn indicator tunctiorn given in
gquation (3.1} to the aggregate variable Y;. The oraphs 1o
Figurese 4.2 are Fformed by adjoining the ending teough of one
reference coycle to the beginnin trough of the succeeding
reference oycle. Inspection of these graphs reveals ssries 1, 4,
and 7 as co—cyelical, series 2, 9, and 8 as lagging, and series
I, &, and 7 as leading =series, relative teo the aggregate series
Y, the tenth series.

Figures 4.3a—] show the average of reference cycle relatives
of ouwr ten series. These figures depict series 1-9 as  having
amplitudes, as measwred by the maximum minus the minimum, of from
J.04  to 14.40. The aggregate series has an amplilitude of 4207353
the amplitudes of the average cycles of series 1 through & sum to
42. 4. These relative amplitudes agree well with those reported in
Table 4.1 and 4.2, Alse plotted in.Figure 4.5 are one—third
standard error curves Dﬁ‘EithEV gide of the sstimated average

reference cvles.
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Table 4.4 records the resulte of the regressions (3.2F, and
(Z.4) calculated For the refsrence cycles identified in the

preceding paragraph.
While on the whole the results in Table 4.4 are not too

srcouraging, some relevant festures of the dynamices in the dats

are captured well by the regressions. The regressions do suggest

[H]

that WR17, YR1IB and YR1%? have low cohersnce with the unobservable
indexr insofsr as the Rz’z evhibited for sguation 3.4) for these
variables are approximately éera. The gains for these variables
as  measwed by ry/ry are also of the correct relative magnituds.
Mote that hers, as in the estimated index model, thes gain
statistics provide an  accurate picture of the underlyving
structure while the phase statistics are fairly imprecisely
petimated. It is true that the &;,-5, estimate for variables VYRLY
and VRIS are the largest in magnitude as they should he, and are
of the correct sign but overall the column measuring phass shitftts
iz fzirly difficult fo read.

Figures 4.4z~d record plots of yjt(wh}=rj(wh) caaiwht +

(85 Gup) =By (wp) ) and of 3 yiplwy) for §=1,2,3 and 10. In terms of
hsB

[143

their visual impression, these figures are to be compared Lo the
MNBER graphs of Figures 4.2 and 4.3. The graphs identity series 1

as being in phase, series 2 as lagging, and seriss 3 as l=2ading.



VR11
VIR1Z2
VRIS
VRi4
VELE
VL&
VHLY
YR18
VH1?

VRO

Bur-ne—Mitchell

Table 4.4
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Resulte of regression (3.4}

results of
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Figures 4.%5a-i record the raw data for series 1-9, together
with the prpj&ctimn EEA;(L}{tlyt_E,Eﬂﬁg...,123. Figures 4.&a—1
plot the raw data for sach series against the projection of  the
cyclical part of xj(L)¥t against yi_ o, =1 & S e In Figures

-

4 and 4.4, the projections are given by the dashed lines, while

U

the solid lines depict the original series. The projections of
the cvolical parts of hj(Lbft on Yy depicted in Figures 4.6 ars
smoother than the projection of Aj(L)ft O Yioe depicted in
Figure 4.5. The projections in Figure 4.6 are fruitfully comp-
ared to the band-pass filtered versions in Figure 4.1, as well as
tn the back~to—back NBER reference cycles depicted in Figures
4.2,

For variables 1, 2, and 3, Figures 4.7a-c report graphs of a

representative cycle formed by plotting one "cycle" of E Yy fingy?
el

against time. These graphs are intended to be compared with thes

MEER reference cycle averages of Figures 4.2, The ardariné ot

variables by relative hhaﬁg and amplitude are seen comparable.
For variables 1, 2, and 3, Figwes 4.8a-c depict the populsa—
L
tien values of the spectrum of the index contributieon Aj(g)ft,
the gain rj(wh)/ry(wh}, and the phacse ﬁj(wh)—éyiwh) as a Ffunction
of h=0,1,...7T/2 where wh=2ﬂh/T, T=275. Motice that the phase
Qj(wh)—BY{wh) is a linear function of wg, with slope zeros for
i=1, -1 for j=2, and +1 for ji=3,
For variables i1, 2, and 3 Figures 4.9 report the results of

a cross—spectral analysis on the original raw data. The functions

of freguency are plotted for w in £O,wl. Tables 4.2 and 4.6



record  the cross—spectral analytic results comparakble to that
evidencs prassnted in Tables 4.2 and 4.3, The reader should note
that the column labelled coherence in these tables lists numbers
for  an nbiect different from that for Tébles 4.2 and 4.3, Here
the rcoherence measure is taken with respect to  the agogresgate
VEZO, whereas thelearlier tables recorded the coherence with the
vnobssrvahble index. The rankings of the various wvariables by the

gain statistic matches well with the trus underlying relation—

ships. At high freguencies, the gain statistice from ordinary
rross spectral analysis underestimates the gain relations bstween
the unobservable components. This ig a version of an errors—in-

variables result For a frequency domain regression although

strictly speaking both the right- and left-hand side varisbles

hers are corrupted with noise.



Table 4.%5a

Fopulation cross spsctral statistics

Zdo—guartesr Dyele Fhase Eain
{guarters) (% ot GNP

YRLL ~ .00 4
VR1Z —1.00C 10,7
VHE1Z 200 i&.1
YR14 . R ele) .4
VRIS +1.00 10,7
YR1& +2. 00 15,1
VLY —Z.00 2.7
VR1E +. 00 2.7
YR1? — L 3.0



.o

Table 4.3b

Fopulation cross spechtral statistics

12-gquarter Cycle : Phase Gain
(quarters) {4 of GNP

VRl ' L 8 5.3

VRT2 —1.60 . 0.5

W =E ! e 10 15.7

MR14 G S.3

FI=p e . +1.00 1005

VRE1A +2, O 15.7

VHLY —Z.00 2.6

vRig A 0 2.5
VR s DL



]
Table 4.%5C
Fopulation oross spectral statistics
S-quarter Cycle Fhases Bain
(quartsrs) (L of
VR11 .0 4.3
VRIZ —1.00 8.5
'R1E =2, 00 12.8
YRi4 — O 4.7
VLS +1 .00 2.5
VR1AL +2. G 12.8
VR17 -3, 00 2.1
VR18 +3. G0 2.1
VRIP - .0 0.0
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Z2E8-guarter Cyole ther&na&* Fhase Gain
(quarters) (X of 3
YH11 .70 - .21 7.4
YR12 94 - .58 14,1
VRITE .32 - .88 28.9
VRi4 15 1.27 7.4
VRIS =18] - 74 13Z.8
YRié T - 31 RIS
YR1T .08 - 40 1.9
VR18 - b 1,20 .1
VR19 - 10 —-&.351 0.2
*Coherence refers to coherence of the variable with the

aggregate VRZO.

MNF Y



Takzie 4.&b
Estimated cross spsotral anslytic Has
12—guarter Cycle Coherence Fhases
(quartar%)
YR11 - 25 - W12
VRIZ o 45 - .40

VF17 .07 -2, 32
VK18 .34 z.81

YR1W - 07 - .50

+
s

R
et aed Wi

o

P



G—ouarter Cyrle Cohersnce Fhase GBai
{ouarters? {4 of

YRl .35 w0 &

YRIZ o 22 - W7Z 1%,
YRLE -31 - .83 30.5

VRid 27 - .22 15.
VRIS . 40 Pt Fa b

0

F3

VR14A .37 .85 IR h

YR19 .35 2.51 =

VR1?Z » b - W02 .2



Table 4.6d

Estimated cross spectral

S—gquartsr Cycle Coherence
VR L L0
VR1Z .04
VR1E A=
VR14 -1t
VR1S als)
VRl A5
VHR17 .00
YRIB .08

VRLIZ: .01

[

anslytic Fesults

Fhase HBain
(quarters) (% oF BNPD

2.11 1.9
~ .27 5.0
—- 10 46,01
71 10,2
-1.4&8% 1.5
- .01 45, &
—1.48 05
-2 1.7

- .39 a.1
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This section reports the results of applving NBER  methods

B

ard a one—wnobservable index model to a set of time seriss  For
postwar U.S5.  dats for 1748:1 - 1582z 4. The seriss analyzsd
included: consumption expenditure on durables, nondurables
services, business Ffixed investment, regidential inveshment

change in inventoriss, sswports, imports, and government spending:

these e

i

= ars ail in 1972 gollars, and HIETh o

YR
F S

| gl

EMP.  Thus in the notation of section 2, m=?, and Y, =
: i=1
We alase included the following series: the OGF deflator, a

auartsrly average of the index of leading indicators, thes three

month Treasury bill rate, Standard and FPoor ‘s Stock Prics Iﬁdeg
a measure of the real rate of interest, definsd as  the three
month Bill rate minus the ex-post rate of inflation in the GNF
deflator, and the money supply, measwured by Mi.

able S.la-d records the results from a one—index model for

four izs of pericd 2%, 12.5, 8.3 and § guarters. Wi

wi=
3
i
]
[l
i
pt
il

report  the coherence with the index, the "phase relative to the
aggregats”, and the "amplitude relative to the aggregates.” The
aggregete is taken to be GNF.  Recall that thé coherence gives an
indication of the variance of the estimated relative phase and
amplitude. The reader should note that relative phase and
amplitude refer to the index component in each series  and
represent statistics from  the projection of unobservables on
wrnobservables. For brevity in the discussion, we will not always

=ay  "the index componsnt in ... but rather just refer to  th

i

original names of the noise corrupted versions themselves.



The Figuress Ffor the gain of the index component in gach
series, on  the comporent in sggregate cutpot shoul be cowpared

to the numbers in Tables 5.
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GNP that esach sesries represents, &5 &0 average over the  period
124801 tm‘l?‘E:Q, It shows the relative importance of the first
7 wvariables in terms of their dollar contribution to Gross
Mational Praoduct. The numbhers also ssrve a5 & scaling factor to
bear  in wmind for those series that do not directly enter the
national incoms accounts but that varicuﬁ:matraeaﬁﬁmmic theoriss
assert toa be important in accounting for sconomic  fluctuostions.
Total consumption constitutes over 60 percent of GNP, with the
bulk of its contrioution cmmiﬁg from expenditurss on nondurables
and services. Gagregate investment is on averages 13 percent of
EMF, while government purchases of goods and services ever the
sample period makes up 20 percent of GNF. Business fixed invest-
meEnt accounts For two-thirds of aggregate investment, with resid-

=nt

Faad

a2l investment contributing the remaining one—-third; inventory

RY e

i

s

tmznt is trivial on average. Iin absoluts valuse, tnter~
naticoral transactions %E represented by exports and imports are
abput 10 percent of aggregate output.

The wunderlving dynamics of these variables as represented by
their co-movements mediated through the one unobservables factor
form a somewhat different pictwe. The relative importance ot
aggregate consumphtion and investment are now reversed. I the
n=ighborhood of cyecles of length approximately 4 vears, ?he gains

of the three measures of consumption on GNF sem to about 40

ol

percent. For cycles of shorter periodicities, these figures fall

to betwegen 20 and 30 percent. The bulk of the contribution from



and lastly by the consumption of services. At freguencies  of
betwesen 1 and 4 vears. the componsnts of =sggregate inovestment
have a ogain in teotal of about A9 psroent. Khile inventory

its underlving index component has 2 gain on the index component
in BNF of over 20 percent at the 2 and T yvear cycles. Similarly

Ea
-3
02
ot
{0
G

f exports and imports is seen to be underemphasized if

viewsed strictly in term

i

of their mean coniribution to BNP.

On the other hand,  while government spending 1s on average  one-

fifth of BNF, its index component has a gain on ths indsy compon—

=nt in BNMF of no more than % percent at the frequenciez conei--
oo,
at I of the 4 freqguenciss analyzed, business +ixed

investment has the highest coherence with the unobssrvable index
of any of the % ﬁﬁrieé making up GMMP. Government spending has a
uniformly low coherence while consumption expenditure on durable
goods has coherence of between &0 and BO percent. At freguencies
corresponding to cycles of between 2 and 3 years in length, the
coherence of inventory investment with the unobservable index
exceeds 70 psroent. We see also that in the postwar periogd the

coherence of exports and imports with the index 1s greatsr  than

H

50 percent. At all frequencies coherence talls as we consider

in turn consumption expenditure on durables, nondurables and
finally services. The coherences of inventory and residentiszal

investment with the index are similar in magnitude zand wvary
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and 80 percent. Note that GMP itself has

R
1
™
o
i
B
i
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of  approximately 80 percent with the unobservabls  index  across

th
i
Iy
|
[
n
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..... = At the 22—, I and d-vear cycles, we see that the

index of leading indic:

i

tors hasg relatively high  cohsrsnce fin
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has uniformly low cohersnoces, as doss our meassure of ftns S-monbkh
real interszst rate. It is irnteresting that the coherence of M1
with the unobservable index rises with freguencys fence cycleé
ot peripdicities 2-year§ or lazﬁlafa associated méra with move—

ments in Mi than are the longer cycles. The Smﬁnnth Treasury
Bill rate has a ceherence siceeding 0.460 at the 1—-, 2 and 4—-vyoar
cvocles, as doss the stock market at 22— and J-vear ovoles.

At 211 freguenciess considered, the stock marbet, thé indes
of lesading indicators and inverse movements in thgs I-month
Treasury bill rate and the sxpost real rate a1l have factor
components that l=zad the factpr component in GMNF. {MNote howsver
that this does not imply that they help to predict GNFP.) The: GNF

gdaflator lags at all freqguenciss, while ML has a l-guarter lead

it
ot

the 11— , 2- and S—vear cycles. Consumption expendituwres on
durabies and residential investment lead at all frequencies,

while skcept for d4-yvear cycles, government spending 1lags.



Tablse S5.1b

Index Model Results

1Z2.5—guarter Cyele Coherence Fhase Gain
(quarters) (% of BMF)
Consumption of Durables .81 1.0 C17.E
Consumption of Nondurables -G =74 7.7
Consumpiion ﬁf SETViEES‘ - b .18 .
EuaiﬁESE Fixed Investment .94 —. 73 2500
Residential Investment 75 1.38 18.3
Inventory Investment w 17 27.1
Exports - 50 ~2.1% 1%, 1
Imports .61 —. 473 F.7
Bovernment Spending .08 s T 5.7
GMF deflator »11 —3.70 1.4
Index of Leading Indicators .84 1,00 21.4
FZ-month Treasury Bills -4 4.91 2.5
SiF 500 Stock Frice Index . 68 2.2 31.2
Ex post 3—-month real rate - 02 5.87 S.E
Money - SE 1.0%9 5.4

B .28
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Tabie H.l1ic

Index Model Results

B.quuartgr Cycle Coherence Fhase Eain
(guarisrs) (% oaf GNFY
Consumption of Durables e 7 « bl o 15.%
Consumption of Nondurables 21 O3 5.7
Cansumptinnla¥ Bervices . 1é .84 . 2.5
Buziness Fiwed Investment L72 —. 50 19.%
Residential Investment .74 .97 17.0
Inverntory Investment L 7h . 24 ZE.E
Exports - f -1.38 1Z2.6
Imports .58 —. 77 12,8
Bovernment Spending .02 —Z. 17 2.7
GNF deflator .04 ~wtl =
Index of Leading Indicators .86 1.02 19,7
Z-month Treasury Bills .70 4.95 4.0
S&F 500 Stock Price Index’ - &4 1.31 36.0
Ex post 3—month real rate .18 Seb .7
Money .62 .06 10,4

GNP .87



Mean ¥ Datz as Percent

Consumption of Durables
Consumption of Nondurables
Consumption of Services
Business Fired Investmsnt
ﬁeaid@ntial Investment
Inpventory Investmnent
Exports

ITmports

Bovernment Spending

GhNF deflatmor

Index of Leading Indicators
F-month Treaswry Bills

S 900 Stock Price Index

Ex post 3—month real rate

Lh
i

Fercent



Table 5.2

Burns—Mitochell Graph Regreseianel

R G~y vy e

tradians? (% of GMNF)
Cansumptian of Durables CL27 (i?Bi 24 (—-2.84) 21.8
Consumotion of Nmndgrablea w27 ALFT) ey 4 S VED 14,1
Conmsumption of Sérviﬁaﬁ' - .QB (.78} 21 0 04 7.2
Business Fissed Investment <36 (.79 - 220 (- .87} 20048
Residential Investment . 20 (.@?)' N T G %5 3 17.5
Inventory Investment st (LFT7) - .16 JEL) 25.5
Exports L5 (LF5) —2.0F (~2.045 S 4
Imports S (P33 AT (= L3R Fu.l
Government Spending SO 088D —~ W81 41,230 12,0
5N daflatar .18 (.58 2.83 (-2.2%) 0.04a
Index of Leading Indicators .27 {(.%9) 0.28 ( 0,473 21.0¢
Z-month Treasury 311152 .28 (.94 2.20 ( 1.87) 2.5
SHF 300 Stock Price Index ‘.10 {(.21) B L =) 15,1
Ex post 3—month real rate2 12 (.65 1.81 ¢ 1.28) .03
Morey 04 L.TFT7) 1;24 {~1.281% .1
GiE LA0 (LFF) .

1Rasult5 of regression (3.4) for all reference cycles, with
results of regression (5.2} for reference cycle averages in
parentheses.

£

The statistic 81~9Y is ralculated relzative to inverss movements
in interest rates.



The resulits of applving NBER methods to linearly detrended

data are summarized in Table 5.2. Fegressions (3.2 and (3,47

+

are the vehicles used to summarize the results. The ordering of
variablies by amplitudes are guite similar to the results from the
index  model. Business fixed investment is identified as a
lagging series; while the stock market, the index of leading
indicators and inverted movements in S-month interest rates lead.
- . N =

There 1s csome tendency for the ordering of variables by RY to
match the ordering given by the cohersnces.

e applied Wecker’s indicator fuhction (3.1 to GMF to date

<0

43

]

£
fy

peaks, both for detrended and non-detrended data, ovesr 1

1782 4. For the non—detrendsd data, this procedure identifiesd

i

five downtuwrns st 1953:2, 1957:3%, 1246001, 196%: 3%, and 1974:2.
For the data from which a linear leaét sguares htrend was removed,
the procedoure spotted ten downturns a2t 19513, 195331, 123535:3,
1959: 2, 17462:2, 194642, 1946624, 196%el, 197321, and 1978:4. With
the detrended data, more cycles are identified, and those identi-

fiedg i compon wilth the non—detrended data are also dated esarl-

ier.

Figure 3.1 plots the nine-point MBER graphs for all of the
reference cycles for the detrended data. Figure 5.2 reports the
averages over all ten reference cycles. In Figure S.1, notice

that the +ifth, sixth and seventh cycles, which are the covecles
with peaks In 1962:2, 1964:2, and 1246&6:4, are mild in amplitude
compared both with earlier and later cycles. {Their mildness is

the reason  that these cycles are not spotted if we do not



2o8—quarter Cycle

Consumption
Consumption
Consumption
Businega Fix

Residential

=%

oF

of

ed

Table S.1la

Index

Durablaﬁ
Nondurables
Services

Investment

Investment

Inventory Investment

Exports

Imports

Sovernment Spending

GNF deflator

Index of Leading Indicators
1

J-mpnth Treasury Bills

SEFT 500 Stock Frice’ Index

Ex post 3-wonth real rate

HDnE?

GNP

1

Model Reosults

Coherence

.30
.77
e

.70

&1

L34

.48

. 02

. 17

g.‘_-f'

- &4

T .1b

-19

. B0

Fhase

(gquarters:

1.27
.47
—. 82

—-1.73
4.10

2.26

11.93

-1.13

1 . . ) .
FPhase is calculated relative to inverses movenenhts in

rates.
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detrend.?
%

From Figure 5.2, one gets a picture of relative phases and

amplitudes that in owr opinion agrees well with that given in

Table S.1. DOne finds durables consumption Ieading, the
consumption of services lagging, business Fixed investment
lagging, residential investment leading, changes in inventories

about ceoentempotr-aneous, imports and exports lagging, the stock
market, the index of leading indicators and inverted movements in
the Z-month Tréa%ury bill rate series 1eading.

Figures 5.3 and 3.4 report the results for the non-detrended
tdata. The pattern of leads and lags is somewhat harder to read,
than with the detrended data, but the patters is similar.

WNe have also prepared graphs analogous to those in Section 4
that are abtained from an index model fitted to post-war US data.
These would be read in the same way as we did in Section 4 in
light of the lessaons of that section.

Figure S.5a-~0 and 9. b4a—o diéplay the detrended dats together
with the projections and band-pass projsctions respectively,
calcvulated From the estimated index model. Here the band-pass
filter supports periods of 5 to 29 guarters. These should be
compared to the NBER reference cycles pleotted in Figure S.1.

Figure S.7a-n contain wvarious statistiecs on the index
components  in gach series in relation te that in the agorecate.
{The reader will recall that the appropriate inverse tangent
function is determined only up to plus or minuws 2knw; we report
the value in f-w,m] in Table 3.1 while we plot a "smoth" branch
in Figure 5.7). Those functions of freguency are plotted for Wh

b= 0,1,0.0.,12, wy = 2uh/28. Flgures 5.8a—o plot analogous 2-

-
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& Conclusion and Extensions

This study becarn partliy as an attesmpt to compare the methods
of analvesie of Burns  and Mitchsll with the wmethodology and
assumptions esmwbodied in the unobservable index model of Sargent
and Sims. One iz a nonparametric nonstatistical approasch to the

collection of facts about scomomic Lime

1]

sries, the other 1mnposes
a  statistical discipline on the researcher but may also be 1ib-—
grally viewed as & nonparametric study of time series. Here
"parameter” may be used in the sense of "2 recognizabls construct
in the paradigm imposed by sconomic theory'. In most instances,
researchers interpret this o mean preferences o technology and
take those to bz the meaningful guantities for which to recover
estimates. i another interpretation a parameber is any reliable
object around which to organize patterns of guantitative thinking
about processes  that are of interest to the researcher. One
property 1t must have to be wseful in that role is that there
must  exist an easily understandable relaticn hetween r1tseld  and
abservables. That is, assigning & numerical value to a parameter
must inform the researcher as to the likely dynamic behavior of
the wvariables that he can observe. This serves a dual role in
that it allows identification of further possible and necessary
refinements in a theory, and it permits the analyst to predict
and understand the evolution of the process under study. Inti-
mately tied to this reguirement i1s that the parameter be a rel-
iable (that is, stable) guide to the relations of interest. Very

generally, misspecification of these relations will invalidate



b=

the reliabiiity of any paramestrization that the researcher has

chogen. It may be argusd that =

-

y chosen representation for

modelling data can only be an approximation and thereftore  that

Irr this work, we have chosen to organize ouwr ouantitative

studies around s parsmetrization thet is intuitive to the sconom—
izt who has spent time thinking aboot the dynawmic relaticns in
gjservabie‘ manroesconomi o yvariables. In doing so we have drawn
upon tools  that scisntists in diverse fislds have found  useful
ant for which there is & developed statistical theory. He have

showr the connections (or lack thersof) between the statistics

implicit in 2n indexr modsl parametrirzation for mecroeconomic

variabhles =and the calculations performed by Burns and Mitchell,
and mre generslly  sssociated with NMBER studiss on business

vy
ri
i
Rl

. The point is net merely one of wmethodology, however.
For  those who find the NBER calculations to be insightful, the
peramsfrization that the index model represents must be similarly
nelpful  towards the vnderstanding of business cycle phenomena.
Further the standardization cobtainable with a method of analysis

that is easily duplicated will help sharpen debate on  those

features of +the business gveles that macroeconomists wish to
understand. For these and cther reassons the empirical  results

presented in this papesr are useful.

-

Ore possible extension in this work is a more careful study
af  the distribution of the estimated parameters we presented  in

Seocticn T we have tried to srgue in the earlier part of +this

oy

section b

et these are aids to our intuition in organizing guant-

itative thinking sbout the business cycle.” The precision ot the
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ghtatementsz  that  can be made will bs strenothensed with grester
snowledos of the uncertsinty surrounding ow parameter estimates.

f further development would be to explolit further the uses
Tt which  an estimsted index model could be applied. By  REriown
methods of factoring spectral density matrices, one could wmap
out the vector moving average representations of the variables of
interest i the factor cm&pcnent. Assuming the validity of an
inden representation, these'wnuid provide similar insighits into

the dyvnamic interrelationships bestween variables as provided by

impulsse response functions celonlated from vector  autoregressive

representations for data. The parsiwmonious parametrizetion pro-
vided by theg index model representation would alszo be useful for

forscasting edsrclises. The sames ideas presented here are
girsctly applicsable also fto = Etuﬁy of  imternational macro-—
sranomic variables, or the dynamic behavior of different asset
prices, or the breskoown of facrtor incomes.

Somze of these applications have already been pointed out

and used in sarlier work. Others are currently topics on our
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The kE—unobservakle index model ic

H

port

whisre ‘ is an (nxl} vector + is a kxl vector of meity
t * t

i

Y
orthogonal  white noises, £ is an inxl) vector of  motuslly

wncorrelated but possibly se

-
[ 28
T
Tt
et

~

correlated random processes,
and  ALL) iz an (nxk) metrix of  sgquare—summable, possibly  twoe

= irr the lag operator L. The gensralizations of

Efefl e = | . =0
TtTe-s = o SHEO
tftaé_ﬁ = 0 ftor all t,s
e o o (52 when j=i
Fitfites T 1 g for all £,s when j#i

where o; (8) is again = nonnegative definite seguence.
2. Consider the one—index model Y=l fe+ey where yve is nxil, A{L)

is (nx1), Eff=l. For n » 2, Ale ™" a™™ T s identified. To

identifty Afe *"Y) an additional normalization is reguired because
given any particular Afte ') satisfying ate ) A(etiV) Topa™ivw,

ﬁ(@*lw), there exists a class of transformations A (27 1W) of

AteTIY)y  that satisfy a¥@7IW) A%t T o p@eTIW aetiny T g,

. *, ] L =i —im .
particular, let A (e "MWi=ae™ e 1k(W), whare ${w) is any reaal

o . - - . . -1 31w
valued scalar function of w. To identify Ale Y from  Ate V)

Jriw, T

Hie » wWe  imposs the normalization that the last  row

rAate ™ of ate ™) be real. {This makes A

n real ﬁ(L) two-sided and



